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bstract

he technical application of layered functional ceramic components is challenged by curvature effects and residual stresses originating mostly
rom the thermal mismatch or chemical strains of the joined materials. Based on the general solution for elastic deformation of monolithic and
ultilayered materials the determination of curvature and residual stress for linear elastic bi-material specimens with chemical strains, chemical

eduction in stiffness, shape variations, gradients in elastic modulus or thermal expansion is outlined. The use of the relationships is exemplified

or ceramic solid oxide fuel cell (SOFC) and ceramic membrane materials. For SOFCs curvature changes are considered resulting from the
eduction of the anode and crystallization of a glass–ceramic sealant with semi-spherical shape. For gas separation membranes which currently
nder development for fossil power plants the effect of chemical strains is assessed. The limits of using analytical relationships are addressed for
he warpage of thin, rectangular SOFCs.

2010 Elsevier Ltd. All rights reserved.
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. Introduction

Functional ceramic layers materials find widespread use in
lectronic, magnetic, optical, and structural components. Theo-
ies to relate stress, strain and curvature to the mechanical and
hermal loading have been established for isotropic materials,
i-layered,1 multilayered composites and materials with differ-
nt stiffness in tension and compression.2 The layers are usually
igidly bonded and differences in the thermo-elastic materials
roperties will result in residual stresses which can facilitate
omponent fracture.3 Such stresses arise from manufacturing,
.e. intrinsic stresses due co-firing, differences in thermal expan-
ion, thermal/chemical gradients or phase changes.4–6 Since the
olutions usually concentrate on the simple cases the purpose of
he present study is to give analytical solutions for more complex
ases and to exemplify their use for functional ceramic materials.

Ceramic materials are used widely as anode, electrolyte and
athode7 in SOFCs, which are highly efficient devices for con-

erting chemical fuels directly into electrical energy. Especially
he planar design has proven to be successful for stacks with
igh power density.8 In the case of asymmetric designs and for

∗ Tel.: +49 2461 61 6964; fax: +49 2461 61 3699.
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nconstrained layered composites the residual stress is reflected
s warping. In SOFC stacks the cells are connected in serial
ode with intermediate bipolar plates via contact layers, hence

urvature effects have to be eliminated during assembling for
xample by applying a permanent mechanical load. Operation
f an SOFC stack at high temperatures (600–900 ◦C) obviously
esults in significant changes residual stress which for free cells
ill be reflected in a curvature change. A means to assess resid-
al stresses is to measure the curvature of free components,
here the stress state in the cell can be determined via a curva-

ure measurement of the bi-layer composite anode–electrolyte.4

n fact for SOFCs the curvature is also influenced by the oxida-
ion state of the anode, i.e. it has been reported that the reduction
f the anode leads to a significant increase in the curvature of
he component.

The SOFC stack has to be gas tight, hence an inner sealant
as to separate anode and cathode compartment and an outer
ealant has to isolate the anode and cathode from the outer envi-
onment. Hence, the sealant material as well as the other stack
omponents will be exposed to residual stresses due to differ-
nce in thermal expansion or crystallization strain, which again

an be assessed using curvature measurements of for example
ealant – steel substrate composites. Examples are presented for
urvature and stress effects in SOFC materials due to the reduc-
ion of an anode and a crystallization of glass–ceramic sealant

dx.doi.org/10.1016/j.jeurceramsoc.2010.07.036
mailto:j.malzbender@fz-juelich.de
dx.doi.org/10.1016/j.jeurceramsoc.2010.07.036
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ith semi-spherical shape. An outlook is given to a more com-
lex case of geometrical non-linearity that requires the use of
nite element calculation.

Global warming and the CO2 problem has increased interest
n perovskite ceramic oxides of ABO3 type (rare earth metal
ons on A sites, and transition metal ions on B sites) since they
ppear to be suited for potential applications in gas separa-
ion membranes.9 When operated at high temperatures, these

ixed ionic and electronic conducting perovskite membranes
rovide high oxygen permeation rates. Besides such advanta-
eous functional performances the challenges of mechanical
ntegrity especially in industrial applications need to be consid-
red to prevent the mechanical failure of the membranes during
xposure at elevated temperatures and thermal cycles, but also
o avoid fracture caused by a large chemical gradient of oxy-
en and resulting chemical strains of 0.2% to 0.4%.10,11 Hence
n example is given how the effect of chemical strains can be
ssessed for layered gas separation membranes which exhibit
hemical strain behavior.

.1. General theory and outlook

Suppose an elastic multilayer composite where n layers
thicknesses tj) are bonded. The subscript, j, denotes the layer
umber ranging from 1 to n.12 The coordinate system is defined
uch that the surface of the layer 1 is located at z = 0. The
pplied forces and moments can be linked to the stresses using
uler–Bernoulli beam theory.13 Hence, the resultants of the axial

orce N, shear force Q and the bending moment M are related to
he axial normal σx and transverse shear stress τx,y as:

+ Nα = w

∫ tn

0
σxdz (1)

+ Mα = w

∫ tn

0
σxzdz (2)

= w

∫ tn

0
τx,ydz (3)

here z is the position relative to the surface and Nα and Mα are
he axial force and bending moment acting on the layers j = 1
o n due to the difference in thermal or isothermal expansion.
he parameter w is the width of the beam. In general M, N and
can be a function of the in-plane position x. At the position z

erpendicular to the interface between the layers the strain εx,j,z
nd stress σx,j,z in the layer j are13:

x,j,z = εx,0 + zκ −
∫ T1,j

T0,j

αj(T, z)dT (z) (4)

x,j,z = Ej

(
εx,0 + zκ −

∫ T1,j

T0,j

αj(T, z)dT (z)

)
(5)

here εx,0 is the strain the at z = 0 and κ the curvature of the

eam. In the case of a two dimensional geometry the biaxial
lastic modulus is given by E = E/(1 − ν2). The parameter α

epresents the thermal expansion coefficient, which can be a
unction of z and the temperature T. The temperature T0,j is the
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nitial and T1,j the final temperature in the layer j. The current
pproach can be extended to non-negligible shear stresses.13

he resulting relationships between the force, moment and beam
eformation are

N + Nα

M + Mα

}
=
[

A B

B D

]{
εx,0

κ

}
(6)

here the symbols A, B and D denote the extensional, flexural-
xtensional coupling and flexural stiffness coefficients.12 Note
hat these equations take the temperature dependency of the
tiffness into consideration as well as the effect of temperature
radients within the layers.

The case of a linear proportionality of thickness and temper-
ture dT = �T = T0 + z T* has been outlined before.12 If the plate
ike layered composite is constrained at its edges by an elastic

aterial (sealant) A has to be substituted by A + Eseal l/2 t and
by D + Eseal l/2 t2, due to the changed boundary conditions.14

ere Eseal is the stiffness of the sealant, l is the plate width and
=∑n

i=1ti the plate height.
The thermal or isothermal expansion of bi-layers can be

ssessed by curvature measurements. For more complex mul-
ilayered materials multiple measurements of composites with
ncreasing number of layers might be necessary. A direct assess-

ent of residual stress might be possible by for example X-ray
iffraction or the hole drilling method, requiring minimum stress
evels of ∼30–50 MPa. A recent variation of the hole drilling

ethod for �m thin layers is based on the cutting of a notch
sing a focused ion beam, requiring even higher stress of the
rder of hundreds of MPa.15 In order to assess the reliability the
esidual stress has to be compared to the strength of the material,
here for brittle materials statistical aspects of failure probabil-

ty have to be considered. Note that such statistics obtained from
esting of isotropic specimens might not be valid to predict the
ailure of thin layers since the defect size will be limited by the
ayer thickness.16

.2. Special theory for bi-layered materials and outlook

Due to their technical relevance and assessment simpli-
cation of the mechanical behaviour of functional ceramic
omposites only bi-layer materials are considered in the fol-
owing. Obviously the number of unknown parameters and
ncertainty increase with the number of layers in a compos-
te where especially the problems associated with the thickness

easurement of a thin layer can lead to large uncertainties. Spe-
ial consideration is given to the effect of a change in substrate
tiffness (reduction of a SOFC anode), effect of phase changes
crystallisation of a glass–ceramic sealant) and chemical strain
gas separation membrane).

For the special case of a bi-layer material first the general
olution for layers of equal width is given, which permits also
n assessment of the effect of an isothermal change in sub-

trate stiffness (reduction). Then consideration is given to the
ases where substrate and coating have a width that decreases
ith the distance from the interface. This is an effect typically
bserved for glasses and glass–ceramics deposited on a sub-
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Table 1
Relationships for curvature and strain.

Δκ εx,0 Remark

(7) 6A1A2(1+A2)(εC−εS )
(1+A1A2(4A2(6+A2(4+A1A2))))tS

(8)
εS+A1A2((−2−3A2+A1A3

2)εC+(6+A2(9+4A2))εS )
(1+A1A2(4A2(6+A2(4+A1A2)))) Both layers with equal width

(9) 6A1A2(3+2A2)(εC−εS )
(6+A2

1A4
2+6A1A2(2+A2(2+A2)))tS

(10)
6εS+A1A2((−6−6A2+A1A3

2)εC+6(3+A2(3+A2))εS )

(6+A2
1A4

2+6A1A2(2+A2(2+A2)))
Semi-triangular shape coating
on rectangular substrate

(11) 12A1A2(3+2A2)(εC−εS )
(24+A2

1A4
2+12A1A2(2+A2(2+A2)))tS

(12)
A2

1A4
2εC+24εS+12A1A2(−(1+A2)εC+(3+A2(3+A2))εS )

(24+A2
1A4

2+12A1A2(2+A2(2+A2)))
Semicircular shape coating
on rectangular substrate

(13) 6A1A2(1+A2)(εC−εS )
(1+A1A2(3+A2(4+A2(3+A1A2))))tS

(14)
εS+A1A2((−3−4A2+A1A3

2)εC+(6+A2(8+3A2))εS )
1+A1A2(3+A2(4+A2(3+A1A2))) Coating and substrate

semi-triangular or cylindrical
(15) A1A2(3+A2(4+A1A2))εmax

(1+A1A2(4+A2(6+A2(4+A1A2))))tS
(16) A1A2(1+A2(2+A1A2))εmax

1+A1A2(4+A2(6+A2(4+A1A2))) Coating induces isothermal
strain with max. value in
surface

(17) εmax S+A1A2((3+A2(4+A1A2))εmax C−(2+3A2)εmax S
(1+A1A2(4+A2(6+A2(4+A1A2))))tS

(18) A1A2(−(1+A2(2+A1A2))εmax C+2(1+A2)2εmax S
1+A1A2(4+A2(6+A2(4+A1A2))) Coating and substrate induce

isoth. strain max. value in
surface

(19) A1A2(3+A2(2−A1A2))εmax
(1+A1A2(4+A2(6+A2(4+A1A2))))tS

(20)
A1A2(1+A2(−1+A1A2

2))εmax

1+A1A2(4+A2(6+A2(4+A1A2))) Coating induces isothermal
strain with max. value in
interface

( εmax S+A1A2((−3+A2(−2+A1A2))εmax C+(4+3A2)εmax S
εmax S+A1A2((1+A2)(−1+A1A2

2))εmax C+(4+A2(5+2A2))εmax S

1+
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21) − (1+A1A2(4+A2(6+A2(4+A1A2))))tS
(22)

trate and associated with the surface wetting of the material.
inally the relationships to assess the effect of chemical strains
re given.

In the case of thermal expansion related effects the substrate
trains εS has to be substituted by αS·T and the coating strain
C by αC·T. A measurement of the curvature change permits
herefore a calculation of the strain in the coating. The general
elationships for curvature and strain at the free surface z = 0
f a bi-layer specimen with layers of equal width are given in
able 1, Eqs. (7) and (8), where for simplification the normali-
ation A1 = EC/ES and A2 = tC/tS are used.

Due to the deposition process, the width of the coating might
hange as a function of height. Examples of possible shapes are
llustrated in Fig. 1. Assuming a semi-triangular shape, with w
eing the width of the substrate, the width of the coating can
e related to the position (z) relative to the interface as wC =
(1 − (z − tS)/tC). The resulting relationships for curvature and

train are given in Table 1 as Eqs. (9) and (10). Assuming a
emi-cylindrical shape (Fig. 1), the width of the coating can
e related to the position (z) relative to the interface as wC =√

1 − (z − tS)/tC then the relationships for the curvature and
train change into Eqs. (11) and (12) in Table 1.6

If coating and substrate have a semi-triangular shape, the
idth of the coating can be related to the position (z) relative
o the interface as wC = wmax(1 − (z − tS)/tC). With the width
f the substrate wS = wmax(1 − (−z + tS)/tS) (Fig. 1) the rela-
ionships for curvature and strain can be written in the form
f Eqs. (13) and (14) in Table 1. Finally, assuming a semi-

Fig. 1. Schematic of some specimen geometries.

a
s
u
s

2

c
t

A1A2(4+A2(6+A2(4+A1A2))) Coating and substrate induce
isoth. strain max. value in
interface

ylindrical shape of coating and substrate (Fig. 1), the width
f the coating can be related to the position (z) relative to
he interface as wC = wmax

√
1 − (z − tS)/tC, of the substrate

C = wmax
√

1 − (−z + tS)/tS . The resulting relationships are
dentical to Eqs. (13) and (14).

The thermo-mechanical load might also be a result of isother-
al/chemical strain. Assuming a chemically strained layer on

n inert substrate (εS = 0), the strain in the layer might change
inear with thickness εC = ((z − tS)/tC)εmax. Hence curvature
nd strain are represented by Eqs. (15) and (16) in Table 1.
n a more complex case the support might not be inert, with
C = ((z − tS)/tC)εmaxC and εS = (z/tS)εmaxS, the curvature and
he strain are given by Eqs. (17) and (18) in Table 1. How-
ver, alternatively the free surface of the chemically strained
ayer might also be at strain zero. If the substrate is inert
εS = 0) and the strain in the layer changes linear with thickness
C = (1 − (z − tS)/tC)εmax the equations become to (19) and (20)
n Table 1. Finally, both support and materials exhibit chemical
trains, εC = (1 − (z − tS)/tC)εmaxC and εS = (1 − z/tS)εmaxS, the
elationships for curvature and strain become Eqs. (23) and (24)
n Table 1.

The analysis of non-elastic effects is not the aim of the cur-
ent analysis. However, solution or bi-materials are available in
he literature to consider the effect of plasticity17,18 creep19,20

nd viscoelasticity21 or the interaction of creep deformation and
cale growth processes.22 In particular creep can lead to fail-
re due to expansion of a creep damage zone from the tensile
urface.

. Case studies
Example A: an example for the use of the relationships is the
urvature change due to a stiffness change in the case of a reduc-
ion of the NiO to Ni. The substrate in an as-produced anode
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is significantly larger than the coating thickness since then the
components have a spherical shape.27 When the substrate thick-
ness is reduced a bifurcation arises with different curvatures
in both in-plane directions and the component will display a

Table 2
Strain (%) in supported membranes.

Substrate
thickness/mm

Substrate–free
surface
(thickness 50 �m)

Interface Membrane–free
surface

1 −0.005 0.01 −0.19
Fig. 2. Cross-section view of glass–ceramic/YSZ specimen.

upported SOFC typically contains NiO and YSZ. Typically in
uch a functional ceramic component an YSZ electrolyte layer
s deposited on a porous NiO/YSZ composite substrate and then
o-fired. The NiO in the composite substrate has to be reduced to
i at a temperature that is lower than the co-firing temperature
efore operation to provide the necessary functionality.

A bi-layer YSZ electrolyte on the Ni/YSZ cermet shows a
urvature change compared to a bi-layer YSZ electrolyte on the
iO/YSZ substrate. The CTE of NiO/YSZ is different from the
TE of Ni/YSZ, however, since an isothermal effect is consid-
red which has been observed in situ at elevated temperatures24

he CTE change cannot be responsible for the reported curva-
ure change. Note that the reduction process is not associated
ith a chemical expansion/shrinkage of the NiO to Ni in the

ubstrate23; hence the change in curvature can be associated
ith the lower stiffness of the Ni/YSZ substrate.24 Typically the

tiffness of the electrolyte (10 �m) is ∼200 GPa, the value for
he substrate (1 mm) before reduction ∼100 GPa and ∼50 GPa
fter reduction.24 Hence using Eqs. (7) and (8) an increase in
urvature of ∼3.3 is obtained, whereas the stress will change
nly by ∼10%. In fact, similar values for the curvature changes
ave been reported in the literature.25

Example B: an example for an entirely geometrical anisotropy
or a bi-layer is the effect of a change of the width of
lass–ceramic sealants which is applied on top of a substrate
imilar to the sealants used for SOFC stacks. Here the width
ecreases with distance from the interface due to wetting effects.
n order to assess the properties the material can be deposited on
ither an YSZ or steel substrate, contrary to the application in a
OFC stack where the material is in a sandwich between either
SZ and steel or between two steel plates. The deposition of
n a single substrate permits to assess the difference in thermal
nd isothermal expansion via curvature measurements. Such dif-
erences have been reported for sealants deposited on steel as
ompared to YSZ substrates, where the differences between the
ehaviour of the bi-layers have partly been associated with the
reep of steel at elevated temperatures.26 The sealants showed
ypically a semicircular shape (Fig. 2). The observed change in
urvature during a dwell time at high temperatures (see Fig. 3)
as considered to be the result of the sealant crystallisation of the
lass to become a glass–ceramic composite. Assuming a purely
rystallisation induced strain εC (εS = 0) and based on the rela-
ionships (11) and (12) and the material properties given in26

t can be determined that the strain increases with progressive

rystallisation up to 0.05%.

Example C: perovskites used for gas separation are known to
xhibit an oxygen partial pressure dependent change in lattice
arameter. Since the membrane operation requires an oxygen

0
0
0

ig. 3. Isothermal curvature change of glass–ceramic A on YSZ at 850 ◦C.

radient, chemical strains arise across the thickness. They have
o be assessed to estimate the failure probability of the perovskite
nder operation. In order to increase the permeation the mem-
rane layer might need to be very thin and hence supported by
porous substrate in practical application.

Since the material will shrink under lower oxygen partial
ressure (vacuum) the maximum strain εmax will arise where
he oxygen partial pressure is lowest, which can depending on
he set-up either be at the free surface of the membrane or at
he interface to the substrate. It is reasonable to assume that the
tiffness of the porous substrate is 100 GPa, the value of the
embrane 200 GPa and the chemical strain in the membrane

ncreases roughly linear with thickness with a maximum value of
0.2% at the free surface of the membrane on an inert substrate

Table 2).10,11

The data presented in Table 2 illustrate that the compres-
ive strain in the membrane decreases as the substrate thickness
ncreases, leading to tensile stresses near the interface to the sub-
trate. However, the tensile strain is still lower than the value of
.1% that would develop for a free membrane. In addition the
ensile stress in the substrate becomes larger as the membrane
hickness decreases which eventually can cause failure of this
upport. Using a sealant to clamp the edges reduces the tensile
tress in the membrane and the maximum stress in the support.
ote that, whereas the remaining deflection for a plate length of
.1 m is less than 0.5 �m, it is ∼30 �m for a plate of 1 m length.

Example D: the examples presented above are limited to
uadratic or circular specimens where the substrate thickness
.5 −0.01 0.02 −0.18

.25 −0.02 0.03 −0.16

.25 – edges clamped 0.005 0.005 −0.195
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Fig. 4. Experimental (a) and simulated (b) defor

ylindrical shape. Results from laminated piezoelectric materi-
ls demonstrated that the larger the difference between the two
n-plane lengths for a bi-layered composite the stronger the dif-
erence between the two in-plane curvatures.28 In order to gain
nsight into the warping behaviour in the case of large deflection
nd the effect of a rectangular geometry the complex curvature
f anode supported SOFCs has been studied using the finite ele-
ent simulation package ANSYS (typically 900 shell elements
ere used in a simulation). In fact stacks with rectangular cell
eometry have proven to be advantageous for the fast heating
equirements in auxiliary power units.29

Typical measured curvature profiles for cells (in-plane
8.5 cm × 15 cm) with a 465 �m and 300 �m anodes sub-

trates as measured using a laser profilometer are shown in
igs. 4a and 5a, respectively. For details on the processing of

uch SOFC cells see,30 for the elastic moduli and thermal expan-
ion coefficients see.3 The anode substrate supports a ∼8 �m
hick YSZ electrolyte. The cell with the thicker anode possesses
spherical curvature the cell with the thinner anode substrates

e
i
a
c

Fig. 5. Experimental (a) and simulated (b, c) deformati
n of a cell with a 465 �m thick anode substrate.

as a cylindrical shape. The maximum deflection of the cells is
.49 ± 0.06 mm and 1.75 ± 0.10 mm for the cell with 300 �m
nd 465 �m thick anode substrate, respectively.

The measured curvature of the thicker cell compares well with
he simulated linear material deformation (Fig. 4b). Note that for
he thinner cell non-linear geometric effects have to be explicitly
onsidered in the simulation. This non-linear simulation with
o initial curvature leads to a cylindrical shape in the opposite
irection of the experimental observation (Fig. 5b). However, the
esult of the non-linear simulation agrees with the experimental
imulation, if the cell has a small initial curvature in the short
irection (radius 20 m) or if a small anisotropy in the elastic
oduli (∼10%) or thermal expansion coefficient in x- and y-

irection is considered (∼2%).
Although it was not possible to verify such small effects
xperimentally, anisotropic materials properties are not unusual
n such tape casted products. In fact, although the terms spherical
nd cylindrical curvature are used in the manuscript for simplifi-
ation a detailed look at the shape of the specimens revealed that

on of a cell with a 300 �m thick anode substrate.
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he cylindrical curvature is rather a parabolic curvature and the
pherical curvature is a superposition of parabolic curvatures in
oth in-plane directions.

The electrolyte and thick anode substrate residual stress
hich result from the mismatch in thermal expansion are nearly

ndependent of the in-plane direction with values of ∼−310 MPa
nd 21 MPa, respectively. As to be expected, for the thinner com-
onent the anode stress increases by 50% whereas the electrolyte
tress decreases only by 10%.

Further simulations, not given here in detail, have been car-
ied out with the aim to determine the critical parameter for
he change in shape and revealed that for the current rectangu-
ar shaped cells the shape changes from spherical to cylindrical
equires an anode substrate thickness of ∼400 �m. Considering
he side length ratio of the cylindrical cell of 1.7 given above a
hange from spherical to cylindrical shape occurs for a cell of
62 mm × 106 mm for an anode substrate thickness of 300 �m

nd ∼100 mm × 176 mm for an anode substrate thickness of
65 �m, i.e. it can be concluded that the thicker the anode sub-
trate the larger is the side length ratio at which the change from
pherical to cylindrical curvature occurs.

Additional simulations have also shown that a change from
pherical to cylindrical geometry occurs at a side length of
80 mm for a square cell with an anode substrate thickness

f 300 �m with the slight anisotropy in elastic modulus or ther-
al expansion coefficient defined above. For a cell with an anode

ubstrate thickness of 465 �m this change occurs if a side length
f ∼130 mm is exceeded. This implies that the shape in change
ccurs once a critical surface area has been exceeded.

. Conclusions

Relationships have been derived for curvature and resid-
al stress of linear elastic bi-material specimens with chemical
trains, chemical reduction in stiffness, shape variations, gra-
ients in elastic modulus or thermal expansion. The use of the
elationships has been illustrated for the SOFC curvature change
esulting from the reduction of the anode yielding values which
gree well with literature and a glass–ceramic sealant with semi-
pherical shape where the interestingly the crystallization leads
o curvature changes and strains. For gas separation membranes
urrently under development for fossil power plants the effect
f chemical strains has been addressed considering the effect
f the geometrical arrangement with respect to the surrounding
tmosphere and sealant. The limits with respect to thickness of
sing analytical relationships are addressed for the warpage of
hin, rectangular SOFCs.
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